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Abstract This paper focuses on the surfactant behavior at air-water interface, taking
into account the diffusion-controlled model together with the Henry isotherm to model
the relation between the surface and the subsurface concentrations. The existence and
uniqueness of a weak solution is stated. Fully discrete approximations are obtained
by using a finite element method and the backward Euler scheme. Error estimates are
then proved from which, under adequate additional regularity conditions, the linear
convergence of the algorithm is derived. Finally, some numerical simulations are pre-
sented in order to demonstrate the accuracy of the algorithm and the behavior of the
solution.

Keywords Henry isotherm - Surfactant - Surface concentration - Surface tension -
Finite element approximation - Error estimates - Numerical simulations

1 Introduction

A huge amount of chemical literature has reported the importance of the dynamic
surface tension behavior of surfactants at the air-water interface in several areas such
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Fig. 1 Air-water interface and location of the subsurface

as biochemistry, medicine, agrochemistry, metallurgy, food processing and so on (see
[1,4,5,8,12,14]). When a new surface is formed, the surfactant molecules tend to
migrate to the interface in order to reduce its surface tension. This dynamic process
may vary depending on the type of surfactant and its concentration ranging from milli-
seconds to several hours in order to reach its equilibrium. The analysis of the dynamic
surface tension is then closely related to molecules transport and adsorption from the
bulk of the solution to the interface and vice versa; that is to say, desorption from the
surface and back diffusion into the bulk.

In order to get an insight into the physics of the whole process, it is important to take
into account the so-called subsurface (see Fig. 1 and [1,4]), located a few molecular
diameters below the interface, being the boundary between the domain where only
diffusion takes place and the region in which only adsorption-desorption occurs. In
this context, there are two models for describing adsorption dynamics:

— The diffusion-controlled model in which the timescale for equilibration of the sur-
face and subsurface is very fast compared to the timescale for diffusion. In this
case, a thermodynamic adsorption isotherm establishes a relationship between the
concentration of the surface and the subsurface during the process.

— The mixed kinetic-diffusion model in which the adsorption-desorption timescale
is comparable to the diffusion one. In this case, a kinetic expression identifies the
rate of change of the surface concentration with the balance between adsorption
and desorption rates.

From the mathematical point of view, the process is modeled by the diffusion
partial differential equation in one spatial dimension, coupled with the corresponding
adsorption model by means of the boundary condition at the subsurface, the unknowns
being the concentration in the bulk and the surface concentration. To our knowledge,
considering the aforementioned adsorption dynamics models yields to non-standard
boundary conditions worthy of being analyzed from a theoretical point of view. In this
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paper, we are concerned with the modeling and numerical analysis of the diffusion
problem for the diffusion-controlled model considering the so-called Henry isotherm
described below.

The outline of the paper is as follows. In Sect. 2 we describe some of the most
well-known mathematical models regarding surfactant dynamics at air-water inter-
face. Then, in Sect. 3 we introduce the variational formulation of the problem for
which an existence and uniqueness result is recalled. Fully discrete approximations
are introduced in Sect. 4 by using a finite element method and the implicit Euler
scheme for the spatial and time discretizations, respectively. An error estimate result
is proved, from which the linear convergence is deduced under suitable regularity
assumptions. Finally, in Sect. 5 some numerical examples are shown to demonstrate
the accuracy of the algorithm and the behavior of the solution.

2 Statement of the problem. Mathematical modeling

Let us denote by x the distance from the interface and c(x, ¢) the concentration of
surfactant at point x € [0, /] and time ¢ € [0, T']. The boundary x = 0 of the spatial
interval corresponds to the location of the subsurface. Denoting by I"(¢) the time-
dependent surface concentration and taking into account the Fick’s law, we consider
the diffusion partial differential equation:

ac 9%c
E(x,t)—DW(x,t)=0, xe (0,0, t>0, (D

together with the boundary conditions:

ac ar
D—(0,t) =—(@), t>0, 2
8x( ) T (0, t> )
cll,t)y =cp, t>0. 3)
In Egs. (1)-(3), D is the diffusion coefficient and the positive constant ¢, is the bulk
concentration. We remark that I" actually becomes an unknown of the system and

so, either the diffusion-controlled model or the mixed kinetic-diffusion one has to be
considered in order to state the problem together with suitable initial conditions.

2.1 Diffusion-controlled model

When considering this model, a thermodynamic adsorption isotherm states the depen-
dence between I"(¢) and c(0, t). Two of the isotherms studied in the literature are (see
[4,12]):

— The Henry isotherm: it is the simplest one and it defines a linear dependence
between the subsurface and surface concentrations,

I'(t)y=Kpc,1), t>0, 4)
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K g being the Henry equilibrium adsorption constant.
— The Langmuir isotherm: it is commonly used and it defines a nonlinear dependence
between the subsurface and surface concentrations,

Ky c(0,1) = 0. )

rty=I,—————""
® "1+ Kpe0,0)

I, and K being the maximum surface concentration and the Langmuir equilib-
rium adsorption constant, respectively.

2.2 Mixed kinetic-diffusion model

In this model, the equilibrium between the surface and the subsurface is not instanta-
neous and it is assumed that the surfactant has to whether undergo a potential energetic
barrier, to evolve in a correct orientation or to look for an empty space at the surface.
The kinetic expression modeling this behavior becomes

ar
W = Tads — Vdes; (6)
where 7445, r'qes are the adsorption and desorption rates, respectively. It is necessary
to know the equilibrium adsorption isotherm of the surfactant in order to use a specific
kinetic equation. We describe below two of the kinetic relations most studied in the
literature (see [1]):

— Linear kinetic model: the rate of adsorption is proportional to the subsurface con-
centration meanwhile the rate of desorption is proportional to the surface concen-
tration, thus Eq. (6) reads

70) =kiyc(0,1) —kyy I' (1), @)

where k¢, and kz are the adsorption and desorption constants, respectively. At
equilibrium or steady-state, d I"/dt = 0 and from Eq. (7) the Henry isotherm (4)
is recovered with Ky = k%, / k?{.

— Langmuir-Hinshelwood kinetic model: here, the rate of adsorption is proportional
to the fraction of empty space at the surface

4L oo (1 TO)
W(t) =kj c(0,1) (1 I, ) ki I'(1), ®)

where k{ and ki are the adsorption and desorption constants for this kinetic model,
respectively. Atequilibrium or steady-state, d I"/dt = 0 and from Eq. (8) the Lang-
muir isotherm (5) is recovered with K; = ki / (ki Iy).

The work of Ward and Tordai (see [14]) pioneered a mathematical research con-
cerned in achieving analytical solutions for the diffusion controlled model, with the

@ Springer



1628 J Math Chem (2011) 49:1624-1645

Henry isotherm, and for the linear kinetic model and then, obtaining approximations
for long and short times (see [7,13]). Regarding the nonlinear isotherms, in [10] a
solution is given in terms of power series, in the square root of time, for Langmuir and
Freundlich isotherms and, in general, for the nonlinear problems, numerical methods
were used to approximate their solutions (see [11]). However, to our knowledge, their
numerical analysis is nowadays an open problem.

3 Weak formulation of the diffusion-controlled model for the Henry isotherm

We are here concerned in analysing problem (1)—(3) together with the Henry isotherm
(4) and the following initial conditions:

) = I, 9
c(x,0) =colx), xe€(,10), (10)

where I is the initial surface concentration and cq(x) is a continuous function in [0, /]
being equal to Iy/ Ky and ¢, on x = 0 and x = [, respectively.

Note that if Iy = ¢, Ky and co(x) = ¢ then the constant functions c(x, t) = ¢p
and I'(¢t) = I} are solutions to problem (1)—(4), (9)—(10). We are interested in prob-
lems where

Io<cp Kp. (11)

Furthermore, in order to obtain homogeneous boundary conditions, with no loss of
generality, we assume hereafter that ¢, = 0 and I is negative.

Multiplying Eq. (1) by a smooth function z defined in [0, /] such that z(I) = 0,
integrating in (0, /) and using the integration by parts formula, we obtain for a.e.
t [0, T],

l [

/%(x,t)z(x)dx—l—/Dg—;(x,t)g—i(x)dva‘Z—I;(t)z(O) =0.
0 0

Using Eq. (4), we find that, for a.e. t € [0, T],

1 l

d ad 0z
/—c(x,t)z(x)dx—i—/D—C(x,t)—z(x)dx—i—KH
Jt 0x 0x
0 0

%(0, 1)z(0) =0.

Let V be the Hilbert space
V= {v e H'(0,1): v(l) = 0} ,
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endowed with the inner product
v 9
(v, w)) = / v _wd

and the associated norm |[v|| = ((v, v))'/2. We denote by yp : H'(0, ) — R the trace
operator on x = 0. Furthermore, we recall the inner product in H = L>(0, [)

i

(v, w)y :/v(x) w(x)dx,

0

with associated norm ||v||g = (v, U)}_[/z. Besides, we use the classical notation for the
space H 1(0, T; V), we denote the time derivative by a dot above and we now state
the weak formulation of the problem (1)—(4), (9)-(10).

Problem P. Find a function ¢ : [0, T] — V such that

(@), v)g + D((c,v)) + Kgyo(©) yo(v) =0, YveV, ae.t€(0,T), (12)
¢(0) = ¢p. (13)

Here, we remark that Banach fixed-point arguments similar to those employed in
[6] can not be used here to obtain the existence, uniqueness and regularity of weak
solutions to the previous problem. Furthermore, the existence and uniqueness of solu-
tion is based on the theory of pseudomonotone operators and it is directly obtained
applying the abstract theorem provided in [9].

Theorem 1 Let cj, be zero and Ky, D two positive constants. If co € V, yo(co) =
Iy/ Ky and assumption (11) holds, then there exists a unique solution to a weaker
formulation of problem (12)—(13) with regularity:

ceL?0,T;V), ¢eL*0,T;V).

4 Fully discrete approximations: numerical analysis

We now consider a fully discrete approximation of problem (12)—(13), taking into
account a finite-dimensional space V/ C V to approximate the space V, obtained, for
instance, by a finite element method. Here, 4 > 0 denotes the spatial discretization
parameter. Besides, we consider a partition of the time interval [0, 7'], denoted by
0=1 <t <--- <ty = T.In this case, we use a uniform partition of the time
interval [0, T'] with step size k = T/N and nodes t, = nk forn = 0,1,..., N.
For a continuous function z(#), we use the notation z,, = z(#,) and, for the sequence
{zn}flvzo, we denote by 8z, = (2, — zn—1)/ k its corresponding divided differences.

Therefore, using the backward Euler scheme, the fully discrete approximations are
considered as follows.
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Problem P*. Find ¢ = {chk }N 0 C V" such that

cgt = g, (14)
and, forn = 1, ..., N and for all v € V",
(Scfz'k, vh)H + D ((cﬁk, vh)) + Kz vo (Scfz'k) Y0 (vh) =0, (15)

where cg is an appropriate approximation of the initial condition cy.

Under the assumptions of Theorem 1 and using Lax-Milgram theorem, we easily
deduce the existence of a unique discrete solution to problem (14)—(15). First, we are
interested, for a known cfl']i 1 € V" in the behavior of cZk e vh,

Proposition 1 Under the assumptions of Theorem 1, if cn | and cfl’k are two consec-
utive solutions to Eq. (15), then it follows that

hk
n

chk H (16)

c Cn—1

=

Proof Taking v = chk hk | € V" as a test function in Eq. (15), taking into account

the linearity of the trace operator we get

l l
hk g (chk — hk
/ — k) dx kD /ag e )
X ox
0 0
2
+Ku (0 (<) = w (b)) =o. a7)

On the other hand, we remark the property of the convex function z — 72 that, for a
fixed b € R, it holds

VzeR, z%>b*+2b(z—b).

Therefore, we have

b2 ZZ
VzeR, — —— <b—2). 18
z T T3 = b—-2) (18)
hk
Taking b = d” L we obtain

2
LN 1 (9t Y ackka (cf — )
ox 2\ ox - ox ax ’
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and then Eq. (17) yields to
/ z D / 2
hk ok D n n\ hk
JCEr ey 2/( )dHKH (0 () = (c25,))
0 0
D ach '\’
<k— =) dx. 19
<k> /( ax) x (19)
0

Since the first and the third terms of the latter expression are nonnegative, we obtain
the result. =

Proposition 2 Under the assumptions of Theorem 1, if cﬁk_l and cfllk are two consec-
utive solutions to (15), then for €, = fé (czk)zdx + Ky (yo(cZk))z, it holds

¢ <€y (20)

Proof Taking v = cﬁk € V" as a test function in (15), we get

0/1 hkdx—l—kD/( )zdx
<yo< Jon@E) w0 e

Using Eq. (18) with both b = cn ,Z = chk and b = yo(cﬁk), z = yo(czlil), we
get

¢ [ (oc? ¢

n C n—1

— +kD L dx < . 22

2 + / ( ox ) ) 22)
0

Since all the terms of the latter expression are nonnegative, we obtain the desired

result. =

Corollary 1 Under the assumptions of Theorem 1, the sequence {€,}°° , is conver-
gent with limit £ > 0.

Proof From Proposition 2 we find that {€,,}7° ; is a monotone and bounded sequence
of nonnegative real numbers, thus the result follows. O

hk”}oo

Corollary 2 Under the assumptions of Theorem 1, the sequence {||c 2 Is con-

vergent with limit i=0.
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]

Proof From Proposition 1 we get that {|| cf;k I}7= is amonotone and bounded sequence

of nonnegative real numbers, thus it is convergent to a limit l > 0. Moreover, from
Proposition 2 and Corollary 1, passing to the limit in estimate (22), it follows that

04+2kD i <Ut. (23)

Since both k and D are positive constants, we deduce that { is zero. O

In the sequel, we will derive an error estimate for the difference ¢, — cﬁfk. We assume
the following regularity condition:

ceCl(0,T]; V). (24)

Taking v = cn—vh € VinEq. (12)attime r = t,, we find that, forn = 1,2, ..., N
and v € V!,

Enren = V") + D ((cnrcn — V") + Ki y0(én) yolen —0") =0 (25)
Thus, taking v = ¢/'* in Eq. (25), it follows that
(Enscn = pY i + D (. cn — h*)) + Ky yo(én) yolen — i) =0. (26)
On the other hand, using Eq. (15) we have, for all v € V",

B, ey — ™Yy + D (e, cn — ™))+ K yo(8™) yo(cn — )
= (8 ey — " g 4+ D (™, e — M) + K y0(8e™) yo((en — v™). (27)

Subtracting now Eqgs. (26) and (27) and taking into account the linearity of the trace
operator, we obtain, for all v e vh

(én — 8, ey — )y + D llew — eI + K yoén — 8¢ yolen — )
= (=8¢ ¢y — vy — D (%, cn — ") = Ky yo(8m) yo(cn —0). (28)

Using Eq. (25), Eq. (28) leads to the following relation,

(én — 8™, cw — ™Y + D llew — 12 + Ky yo(én — 8¢%) yolen — %)
= (én — 8¢ ey — 0"y + D ((cn — ¥, ey — V")

+Kp yo(én — 8ey) yolen — "), Vo' € VI
Adding and subtracting d¢; in the first and third terms, we obtain

(én — 8cn + 8cn — 8 ey — ™y gy 4+ D iy — %2
+K# v0(én — 8¢n + 8cu — 8¢ yo(en — )
= (¢ — 8™ ey ="My + D ((cn — %, e — M)

+ K 10(én — 8y yolcn — 0y, Vo e VI,
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and therefore,

(Bcn — 8¢, ey — Yy + D ey — )12 4+ K yo(8cn — 8¢™) yo(cn — )
= (én — 8™ ey ="y + D ((cn — %, e —0M)
+ K y0(én — 8 yolcn — 0" + ey — én, e — Yy

+ Ky yo(8cn — ¢n) yolen — chk) vl e VI,

(29)
Moreover, using the following property of the divided differences
— a,—_ b, — b, _
(8ay — Sby, an — by) = (“" Gl 2nZ 0l L, —bn)
k k
1 1
= 7 llan — bll* — 7@t = by, an = b,
Eq. (29) reads
Ky
—||cn — )3 4+ D ey — )1 + ~ ot —h?
= (én — 8%, cy =" + D ((cn — ¥, cy — M)
+ K 10 (én — 8!y yolen — o™y + (3cn — by cn — g
+Ku yo(Scn — én) volen — ) + — (Cn =k e — My
Knu h
+ TVO(Cn 1= D) yolen — My, vl e v (30)

On the other hand, using both Cauchy-Schwarz and Cauchy inequalities, we obtain
1

hk hk
E(cn—l_cnflvcn_c )H<_||Cn 1—C ”H”Cn_c V]

1
fﬂ”cn 1— _1||H+i||cn_c ”H’

K hk
TVO(Cn—l n 1))/0(6‘”—6' )

Ky
§§|V0(cn =P +—|J/o(cn—c H2,

k| h h
((Cn—C n—v ))<||Cn—0 I llew ="

bl

||cn—c I?+ > IICn—v I2.

Thus, Eq. (30) yields

D Ky
sllen = el + 5 llew = I + 2 - wolen — €)1

D
< (én =8 ey — My + 5 llen = o2
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+K 1 Y0(én — 8™y yo(cn — ") 4 (Bcn — én,y en — ™)y
+Knu VO((SCn - Cn) VO(Cn - Chk)

1 Ku i h
+ﬁllcn—1—cn_1lly 5 volen— 1=l wltevi 3

Since
(Cn — 8™, e — oMYy = (én = 8cn, cn — V" H

1

+E(Cn_ — (cu— 1—C 1) Cn_v)H

1 . 1

< Slén = Scall?y + Shen = e

1 hk

+ren =t = (e — e =",

estimate (31) implies that

1 D Ky
S llen = k2, + > llew — e 5 roten = cky|?
1 . 1 D
< lén = Sealld + Sllen = VI3 + > llen = o2
+Ku y0(én — 8¢™) yolen — ") 4 (Sep — ény cn — )y

+K 5 yo(8cn — ¢n) yo(cn )
o len— — Mg+ —|yo(cn | =k ?

1
e — M — (et = D) en — ", VO e VI (32)
An analogous expression holds for the trace operator and thus,

Y0(én — 8¢ yolen — 0™ = yo(én — 8cn) Yolcn — v™)

1
+kV0(Cn_C — (cp— 1—C ))VO(Cn_U )

< 5|yo(c'n —8en)? + —|yo(cn —uh)?

1 hk h
+EV0(Cn —Cy — (cp—1 — C )) yo(cn — V).
Therefore, estimate (32) yields, for all vt e v

1 D Ky
ﬂncn—chkn,, ||cn—c’,:’<||2+ |yo<cn—c 52

. 1
< 5||cn - acnu%, + 5 llen = VI3 + 5||cn — "2
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Ky X Ky .
+= (e — Sen)l* + = rolen = VP 4 (Ben — énycn — My
+Ku yo(8ep — En) Yolen, — chk)

1 Ky
chn L=l + S otenm — ek P

hk hk h
+;(cn —¢, —(en—1—Cp_1),Cn —V)H

KH hk
+TV0(Cn —c, — (cho1 — C 1)) vo(cn —v ) (33)

Moreover, by using the inequality

IA

: hk . hk
(8cn —Cnycn — ¢ ) = N6cn = Cnllmllcn — " Il

A

1 . 1
SI8en = éullyy + S llew — e I,
estimate (33) leads to the following estimate, for all vt e v,

1 Ky
axllen =l + 5 llew = eI+ - Ivolen — 912

s . D 2
< lén 5cn||H+2||cn o3+ > llen = ")
Ky . Ky 1
+ =10l — Sen)l® + = Irolen = M2+ Sllen = k2,
+Ky VO((Scn - Cn) VO(cn - Chk)
o llen- —CfflilllH-i-—lVo(Cn =2
Lo _ _
+ (cn A —(ept — D) e — My

+TVO(Cn — M —(cpmr — D) yolen — V). (34)

Finally, since we have,

. 1 .
Y0 (8cn — én) yolen — %y < Svo(en — el + —|yo<cn — cky2,
estimate (34) implies that, for all v e v,
1 D Ky
S llen Yl y 5 llen — k)% + == 5 roten — chky)?

D
. 2 hp2 hy2
=< ||Cn_8cn||1-1+§”cn_v Iz + = llen =7

Kn
+7|yo(cn—vh)|2+2||cn—c 1%

@ Springer



1636 J Math Chem (2011) 49:1624-1645

) Ky
+K ulyoSen — én)l* + = Irolen chky|?
1 Ky
g len-1 = g+ S roten-1 = kP
+;(Cn - Cf,lk —(cn—1— Ciﬂil), Cn — vh)H

Ky
+TVO(Cn - CZk —(cp—1 — CZIEI)) yo(cn — Uh)-

Therefore, multiplying by 2k we get, for all v € V",

llew — f¥ 113 + Dk llen — I + K lyolen — c))?
< k(2[lén = Scnllfy + llew — V" 13 + D llew — "1
+Kplyolen — >+ llew — 25113,
+2KH|yo(8cn — &) I* + Knlyolen — c’”‘>|2>

Fllew—1 — 113, +KH|yo(cn | =)
+2(cn—c (cn | — i 1) e — vy
+2 Kpyolen — e — (ent — ™)) yolen — v™). (€R)

Denoting

n
an = llew — 113 + Dk D llej = IR + Kalyolen — i),
j=0

by (") = 201én — Senll?y + llen — V™11 + Dlley — oI
+Kulyolen — v IP + 2 Kulyo(Ben — én)l?,
dy (V") = (cn — - (cn 1=t 1) cn—")m,

e,,(vh) :

yo(cn — C —(cn—1— Cn 1)) vo(cn —v )

adding the nonnegative term Dk >."\_ =0 ||c = chk 1% on both sides of estimate (35)

hk||2

and the nonnegative term D k> z i—ollcj—c on its right hand-side, we find that

an < ay—1 + k(b (V") +ay) +2d, ") + 2K e, "), V' € V.

Therefore, it follows that

n
ay < ao+ D (k(bjWH+a)+2d;wN+2 K e; ), VIvjYj_; c VI (36)
j=1
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Since

n N
D kb <k D b <TM,

j=1 j=1

where M = max;<j<y bj(v7), estimate (36) reads

n
an <ap+T M+ (kaj+2d;(0") + 2Ky ;). V)i, c V" (37)
j=1

We notice now that

n

h hk h h h
E dj(v;) = (cn — ¢y cn =) — (o — ¢, 1 — VK
j=1

n—1
hk h h
+Z(C] —Cj ,Cj — Uj - (Cj—i-l - Uj+1))H
j=1

1

hk )2
< ellen — cf I + -

hp2
llen — vyl

1 1
hy 2 h 2
+llco — gl + 5 ller — vill%
2 2

n—1

hk h h

+ D e =Ml lle; = v = (cjpr =V Dl

j=1

1

1 1
< €lley — )3 + 2c M+ 3l — g+ oM

n—1 n—1
1
+ D Kllej = e Ih + D0 7 llej = v = (e = v )T, (38)
j=1 j=1

where € > 0 is a positive parameter assumed to be small enough. Using similar
arguments we find that

n
> ej ") = yolen — yyolen — Vi) — yolco — e voler — v})
j=1
n—1

+ > yo(c; — ) yolej — vt = (cjp = V)
j=1

1
< elpolen — P + 2c Iroten - v

1 1
+3 1m0 — eI + lwer — v
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n—1

+ > Inlej — ) vole; = vt = (i = v )
j=1

1 1 1
< €lyolen — ) + 22 M+ Sl — ch> + 5 M

n—1

1
+ 2 7 role; = v = (ejpn —vj )P
Jj=1

n—1
+ > kln(cj — P
j=I1

Thus, estimate (37) can be written as follows,

n

1
(1—2max{l, Kp}e)a, <ao+T M+ > kaj+ —M+ |co — colly + M

- ¢ 2¢
j=1
n—1
hk 12
+2> klej — Iy
j=1

n—1
1
+22 pllej = vj = (i —vi Dl
j=1

Ky B2
+——M+ Kpylyolco—cp)|”+ Ku M

2¢
n—1
+2Ku D klyo(cj — i)
j=1
n—1 1
+2 Ky Z p lvo(cj — U? —Cjy1 — U?+1))|2,
j=1

and finally

n
a, <agp+o Zkaj, n=1,2,...,N,
j=1

where « = (1 + max{2/D,2Kpg})/(1 —2 max{l, Ky}e€) and

1 =
gn=2a0+5 max{T, = }M +2 3" = llej = vj = (ejs1 = vy DIl
Jj=1
n—1 1 2
+2KHn Z X ‘VO(C‘j — vl —(cjp1 — vj-'+1))‘ .

j=1
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Applying a discrete version of the Gronwall’s inequality with o k < 1/2 (see [6]),
we find that

max a, < (@ (1 +aTe**T)) max g,. (39)
0<n=<N 0<n<N

Therefore, we have proved the following result.

Theorem 2 Under the assumptions of Theorem 1 and assuming that the regularity

condition (24) holds, then we have the following error estimates for all {vff}flv:l c v,

N

hk 2 hkN\2 hk 2

max {llc, — ¢, |y + Kuyolcn — ¢, )7} + Dk E llcn =" |l
0<n<N 0
n=\

<a(l+aTe®T) [2)co—ch3 +2Dk [lco — chy?

1
_ hy 2 — s 2
+2 Kilyoleo = co) " + 5 max{T, 7=, 1} 12,215XN{2HC” Scnlly

+lien — V1% + Dllen — vII* +2 Klyo(Scn — én)I*
N—1

1
+Kulyolen = o) PH+2 30 2 llej = vj = (e = v )l
j=1
N-—1 1
+2Ku D ¢ lnolej — v = (e = v )P | (40)
j=1

Estimates (40) are the basis for the convergence analysis. Hereafter, we consider
the finite element space V" consisting of the continuous piecewise affine functions,
defined on a mesh of the interval [0,1], which are equal to zero on x = 1. Let us
assume further regularity conditions on the weak solution:

ceC(0,T]; HX(0,1)), ¢ e L*0,T; H*(0,1)), ¢eL*(0,T;V). (41)
Corollary 3 Under the assumptions of Theorem 2 and the additional regularity con-

ditions (41), the linear convergence of the algorithm is obtained; i.e. there exists a
positive constant 8 > 0, independent of h and k, such that

Jmax {llen = ezl + 1yo(en =y} < B (h + k).

Proof Let 7" C([0,1]) — V" denote the standard finite element interpolation oper-
ator, and let us take vﬁf = nhcj,j =0,...,N.Since ¢c € C([0,T]; HZ(O, 1)) we
obtain (see [2]),

h
ngafo lew — 7" cully < Bh ||C||C([0,T];H2(o,1))~ (42)
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Keeping in mind the regularity ¢ € LZ(O, T;V),ityields

max |¢, — Seullv < BKIICL2¢0.7:v)> (43)
1<n<N

and then
max [, —deylp + max yoGes —énl < BAIEIory)  44)

The last two terms in estimates (40) are bounded following the ideas applied to
estimate the damage error terms (see, for instance, [3]). First, note that both ¢; and
cj+1 belong to H 2(0, 1), then, taking into account the linearity of the interpolation
operator, we get

llejr1 —¢j =" (i = eIy < BRZlejn = cjlipne- (45)
On the other hand, using (41) and the Sobolev embedding theorem
H'(0,T: V) = C(0,TL V),

we deduce that ¢ € C([0, T]; V), and then

Lj+1

Ciy1—cCj = / é(s)ds.

Thus,
Lj+1 Lj+1 172
lejon = cillmzon < [ 6@ g2 ds <V eI ds
j+ JIWH=0,l) = H*(0,]) = H2(0,])
1j j
Finally, from (45) we get
-1 N-1
z z lejonr —m"cjpn = (cj —m"eplyy < z Z llejen —cj = (cjpn — epIy
Jj=1 Jj=1
N—1 L+l
<51 3 [ 1) ds.
Jj=1 tj

2012
= ﬂ h ||C||L2(O,T;H2(0,l))'
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The last term is bounded proceeding in a similar way and leading to the following,

p h 2 28112
‘y()(cj - (Cj+1 -7 Cj+1)) = :3 h ||C||L2(0,T;H2(0,l))'
J:1

1

5 Numerical results

In this section, we first briefly describe the numerical scheme implemented in Matlab
in order to obtain the numerical approximations of Problem P, and then we present
some numerical results to exhibit its accuracy in an academic example and its behavior
in the simulation of a more real case.

5.1 Numerical scheme

In order to approximate the space V, we consider the aforementioned finite element
space V" defined in the following form:

=" e 0. v, 4 € Praior.al) fori=1,....M, V") =0},

where the spatial discretization of the interval [0, /] is givenby 0 = ag < a; < --- <
ay =land h =1/M. Besides, Pj([a;—1, a;]) denotes the polynomials of degree less
or equal to one in the interval [a;_1, a;],i = 1,..., M.

Therefore, forn = 1,2,..., N, given chk | € Vh, the discrete concentration of

surfactant cffk is then obtained from Eq. (15), namely it solves the problem

(chk, h) + D k(" vM)) + Ky yo () yo(u™)
= (" vy + KH Yol D)y, Vot e v

This leads to a linear system which is solved by using classical Cholesky’s method.

The numerical scheme has been implemented on a 3.2 Ghz PC using Matlab, and
a typical 1D run (h = k = 0.01) takes about 0.6 s of CPU time.

5.2 First example: numerical convergence

As a first example, we consider the following test problem:

0 1) 82C( H=0, xe©1), t>0
— 1) ———WX,1)=0U, X , 1), >V,
ot 9x2

ac ac
—(0,1) = —(0,1), t>0,
8x( ) 8t( ) >
c(l,t)y=1, t>0,
c(x,0) = co(x),

@ Springer



1642 J Math Chem (2011) 49:1624-1645

with the initial condition c¢o(x) = min{1, 1000 x}. This problem corresponds to prob-
lem (1)—(4), (9)—(10) with the following data:

=1, T=1, =1, D=1, Ky=1, Ip=0.

Taking the solution obtained with parameters 4 = 1/16384 and k = 107° as the
“exact solution” ¢, the numerical errors (multiplied by 100), which are given by

hk hk
max Chp —C Ch —C s
max (lew =€l + oten — )]

are presented in Table 1 for several values of the discretization parameters / and k.
As it can be seen, the numerical error tends to zero as both ~ and k do. Moreover, the
graph of the error with respect to the parameter i + k is shown in Fig. 2, where linear
convergence, stated in Corollary 3, is achieved.

5.3 Second example: a real case
As a second problem, we consider the data corresponding to octanol, namely (see [1]):

I=10%m, T =05s, ¢, =0.3mol/m?,
D=5x10"""m2/s, Kyp=18x10"%m, 1Ip=0

Moreover, the initial condition cq is defined as

0.3 if x e (0,107°],
C““=[o ;f§=% ]

Using the discretization parameters 4 = 10~8 and k = 10™#, the concentration at
different times and the evolution of the sequence {||cf’lk 152, are shown in Fig. 3. It is

Table 1 Numerical errors (x102) for several time and spatial discretization parameters

hlk— 0.01 0.005 0.002 0.001 0.0005

1/8 1.855622 2.092109 2.253191 2.309661 2.338383
1/16 0.787802 0.896857 1.024717 1.074946 1.101252
1/32 0.550369 0.404004 0.461319 0.502525 0.526151
1/64 0.605921 0.285868 0.206403 0.229264 0.248897
1/128 0.670589 0.309314 0.121453 0.103285 0.114077
1/256 0.709209 0.236367 0.120818 0.060885 0.051371
1/512 0.729765 0.359217 0.133789 0.060502 0.030209
1/1024 0.740317 0.369411 0.142786 0.066993 0.030117
1/2048 0.745658 0.374668 0.147785 0.071509 0.033433
1/4096 0.748345 0.377334 0.150395 0.074022 0.035726
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worth noting that the concentration evolves to the constant bulk concentration ¢ in a
fast way, as it can be deduced from the monotone evolution to zero of the sequence
{llci*]1352  (see Corollary 2).

Regarding the evolution in time of the subsurface concentration shown in Fig. 4,
the solution provided by the algorithm is compared with its approximation for short

times, given by (see [1], formula (26) and [4], formula (18))

Dt

Ch
0,t) =2 —
C( ) KH T

As it can be seen, the solution behaves like /7 for short times. Finally the interfacial
tension of the surfactant using the Henry isotherm is given by

y() =y0—nRTKpgc(0,1),

Asymptotic convergence

Numerical errors (x100)

0.8
0.6 [
0.4
0.2
0 . . . . . .
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
h+k
Fig. 2 Example I: linear convergence
10
0.03 - 9x10
"Q,A.a“’ 8
0.025 L
./'J' 7
B 0.02 6
S e = 5
3 L € c
S 0.015 i o 4
o 001f -7 . 3
- + 1=0.001
- = t=0.01 2
0.005f .~ =005
x =01 1
ol 0
0 0.2 0.4 0.6 0.8 1 0 0.1 0.2 0.3 0.4 0.5
X x10° t
Fig. 3 Concentration at different times (/eff) and sequence {||c,}1'k I }2‘;0 (right)
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Evolution in time of the subsurface concentration (log-log scale)

0.03 1
10
0.025
107
0.02
S 0015 S 107
o o
0.01
107
0.005 —— short time approximation
subsurface concentration
0 10°
0 0.1 0.2 0.3 0.4 0.5 1078 10°° 107 1072 10°

Fig. 4 Evolution in time of the subsurface concentration (leff) and comparison between the subsurface
concentration and its short time approximation (log-log scale) (right)

0.072
0.0718
£ £
z > 00716
g -
2 S 0.0714
c ‘B
2 $ 00712
g 2
© A
g g o071
> ©
%) S 0.0708
@
0.0706
107 107° 107 10™ 10°
Time,s

Fig. 5 Comparison between the surface tension obtained with our algorithm (leff) and with COMSOL
(right), semi-log scale

where yp = 0.072N/m denotes here the surface tension of pure water, 7 = 298K is
the temperature, R = 8.31J/(K mol) represents the gas constant and » is a constant
which is equal to one for a non-ionic surfactant. In Fig. 5 the evolution in time of the
surface tension obtained with our algorithm is shown (left) and also the one obtained
modeling the whole problem with the commercial code Comsol Multiphysics (right),
stating the agreement of both results.
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